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Abstract: In this study, we examined how a small group of fourth grade students used 

representational fluency during an educational robotic task situated within a makerspace 

environment. Specifically, we considered how representational fluency played a role in their 

mathematical understanding of angle, a concept that is difficult for many students to understand. 

Results from video data revealed that various representations (e.g., language, gesture, concrete) 

within the task afforded students the opportunity to communicate more fluently about the 

concept of angle. We argue that attendance to multimodal representations, and the 

communication that occurs around and between those representations, better supports and 

reveals mathematical learning in non-formal contexts.  

Introduction 
Making contexts are increasing worldwide, with the general goal of providing an environment for youth to pursue 

interest-driven learning. Some of those makerspace efforts focus on supporting mathematical thinking, with an 

emphasis on providing an opportunity for youth to engage in the doing of and thinking about mathematics in 

authentic and non-formal ways (e.g., Doorman et al., 2019). However, the shift from formal learning to non-

formal learning leads us to both a challenge and an opportunity: how do we identify, support, and evaluate the 

different forms of learning that take place in makerspaces? Our approach to this question parallels this year’s 

ISLS theme of reflecting on the past and embracing the future, as we use insights gleaned from previous research 

on formal learning contexts to develop a lens that recognizes and embraces the different forms of mathematical 

learning that take place in informal makerspaces. In particular, we build upon Moore and colleagues (2013) 

translation model, Bieda and Nathan’s (2009) investigation into representational fluency, and Alibali and Nathan’s 

(2012) emphasis on gesture, to identify how youth engaged in an informal makerspace robotics activity use 

representational fluency to move between different modalities in their mathematical thinking and communication. 

In this paper, we investigated the following: What role does representational fluency play in fourth grade students’ 

mathematical thinking of angle during an educational robotics task? This short paper is a mixture of empirical and 

methodological work, as we share the complex details of our analysis in order to illustrate how our research 

emerged from both past research and new visions of the future of mathematical learning. 

Theoretical grounding 
Scholars have argued that bringing computational tools into learning activities can provide multiple pathways for 

expressing and solving problems (e.g., Papert, 1980). Student’s engagement with technology and computational 

devices is highly valued in STEM activities, and scholars have argued that in such interdisciplinary contexts, 

representations can support and deepen students’ knowledge of STEM content (Korzma, 2003; Nathan et al, 2013; 

Nathan et al., 2017). Given the multimodal nature of robotics and programming environments, students 

developing such procedural knowledge require translation across different representations including symbolic, 

concrete, gesture and speech representations in order to solve problems (e.g., Alibali et al., 2012). However, one 

challenge students have to overcome as they complete such tasks is to fluently translate between representations. 

For this work we will use the framework for building cohesion across representations in STEM integration 

activities to understand how students used language, gestures and other forms of representations to ground their 

mathematical understanding of angles in a multimodal learning environment.  

Methods and analysis 
The data for this study was collected from the TinkerLab, a makerspace within an intermediate school (i.e., grades 

3-5, ages 9-11) located in New York state. We focus here on one group of fourth-grade students (2 females, 3 

males) who had experience with making activities as part of their weekly curriculum in the TinkerLab. The making 

activity was designed specifically to engage youth in the integration of digital tools, computational practices, and 

mathematical concepts during a free period during the school day. The activity consisted of two unstructured and 

student-driven phases. Phase 1 required the group to make a path for Dash (a programmable robot) by placing the 
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 tape on the floor from one side of the room to the other. This path was to be traversed by another group. Phase 2 

required the group to program Dash using Blockly app on iPad to travel on the path that was placed by the other 

group. Youth were also provided with other tools - a pencil and measuring tape to measure the path. The activity 

lasted for approximately 22 minutes. Data collected from this group included a standalone camera that captured 

the group as a whole and two GoPro cameras were worn on the chest of two of the students that captured the 

point-of-view perspective of those students. 

Our data analysis process consists of four phases. First, to sensitize ourselves, research team members 

silently watched a video in two-minute increments, followed by a discussion on what we observed in that 

increment (Jordan & Henderson, 1995). Our observations were grounded in evidence from the language, gestures, 

and actions captured on video. Second, each team member individually wrote descriptive and analytical memos 

for video data within ~15 sec increments. The flexible nature of the memoing process provided us with a “space 

and place for exploration and discovery” (Charmaz, 2006, p.81–82) and allowed us to take risks through 

articulating, exploring, and challenging our interpretations of the data. Third, our individual memos were then 

placed in a shared excel sheet, along with evidence of what was observed, allowing each member to look within 

and across memos. Regardless of how inconsequential these thoughts, feelings and impressions may initially 

seem, creation of a record in the form of memos ensured the preservation of such ideas that may later prove 

significant (Polit & Beck, 2006). Fourth, these individual memos were then analyzed for how students used 

representational fluency along six categories (see Table 1), as well as how their mathematical thinking about angle 

evolved and shifted while engaged in an educational robotics task. 
 

Table 1: An Updated Translation Model-Definitions and Study Example 

  

Note: The foundation of the table comes from Moore, Miller, Lesh, Stohlmann, & Kim (2013). We removed the 

“Symbolic (SB)” category because such a representation was not used in this context, and we added a new 

category - Gesture (G) – built upon Alibali & Nathan (2012). The given examples are directly from this study. 

Insights 
In Phase 1, students often used concrete, gesture, and language representations to express their mathematical 

thinking of angle, but also to negotiate the goal of laying a path from one side of the room to the other. For 

example, at the beginning, we observed Red lay a strip a tape to form an acute angle with another piece of tape 

(see Figure 1-A). Red stated, “Maybe like a ten degree angle.” Red provided two forms of representations, 

concrete and language, which indicated why he formed an acute angle. However, the group was uncertain about 

Dash’s mobility to make such a tight angle, and led to various group members’ illustrating and negotiating how 

angle was being shaped by their knowledge of Dash. This was initiated through a language representation by 

Almond: “Can we do a ten degree angle? I don’t think Dash can do ten degree angles.” The teacher confirmed, 

again through language, “Dash cannot do like really tight angles.” Green suggested they make the angle wider 

through both verbal (i.e., “a little wider”) and gesture (i.e., moved her hands wider; see Figure 1-B) 

representations. Almond adopted the language of the teacher, “Yeah, really tight angles.” As such, Almond’s 

language representation of angle shifted from ten-degree angles to tight angles. 

 

Category Definitions and Study example 

Concrete (CR) 

Representation with Concrete Models, such as hands-on models and concrete physical 

models. 

Phase 1: Almond used the tape to illustrate “here”- indicated to be somewhat of 

transversal to piece laid and “to here” is parallel to piece tape [continuation of zig-

zag] 

Pictorial (PT) 

Pictorial Representation, such as graphs, 2-D representations of physical models, and 

diagrams. 

Phase 2: Students are using virtual protractor to determine the angle. 

Gesture (G) 

Representational Gesture, iconic and metaphoric gestures, such as shows angle via 

handshape or motion. 

Phase 1: Almond used his hand to illustrate “here to here” 

Language (LG) 
Language Representation including both spoken and written communication. 

Phase 1: when designing a section Almond says, “Are you saying it’s like here to here?” 

Realistic (RL) 
Representation through realistic, real-world, experienced contexts, or metaphors. 

Phase 1: Red: “It is like one of the crazy roads that you see in movies.” 
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Figure 1-A. “ten-degree angle” Figure 1-B. “a little wider” 

 

As another example, we observed Pine and Almond communicating through concrete and language 

representations in regard to adding a piece of tape at a 45-degree angle. Almond was hovering a piece of tape 

above the floor that would form at a wide angle with the piece of tape already on the floor. Pine stated from a 

distance, “Make it more complex right there. Make it like a…” Almond rotated the tape with his left arm to form 

a smaller angle with the piece of tape, providing a response through a concrete representation. Pine confirmed this 

change in the angle through verbal representation: “Yeah, like a 45-degree angle like that.” This group of fourth 

graders also illustrated their thinking of angle through “seeing” a zig-zag path through realistic representations. 

For example, Green noted, "This is starting to look like some crazy shape." “It’s like a machine. It’s like a wire,” 

stated Almond. Red added, “It is like one of the crazy roads that you see in movies…yeah, there’s like all these 

different roads.” Students used real-world metaphors (e.g., wire, crazy roads) to express their understanding of 

zig-zag as alternating left and right turns in the path. 

 In the shift to Phase 2, with the introduction of Dash and the iPad, we observed a shift in their 

mathematical language to include the direction Dash would rotate on the path (e.g., “90 degree turn right”). This 

is likely due to the two kinds of representations afforded by the app as they were required to indicate whether 

Dash should turn left or turn right to a specific angle by moving an arrow on a virtual protractor (pictorial; see 

Figure 2). 

 
Figure 2. Virtual Protractor 

 

The movement of Dash along the path also provided a space to represent angles through multimodalities both 

when Dash was not programmed successfully or in planning Dash’s next move along the path. For example, Pine 

and Almond discussed the angle size and direction in which Dash should be programmed when Almond created 

a border of the path with his hands (gesture representation; see Figure 3-A), then next placed his body/head over 

Dash as if he trying to get the perspective of Dash in relation to Dash’s body position on the path (another gesture). 

 

 
     

Figure 3-A. Border of the path. Figure 3-B. “tiny turn” 

 

From his perspective and estimation, Almond stated through language, “So let’s do like 35, 35.” Dash also served 

as a concrete representation as students were observed manipulating Dash to express their thinking. For example, 

at the end of a test run, Almond moved Dash as he stated, “We only have to do like a tiny turn” to indicate that 

Dash was positioned appropriately along the path and a tiny turn was the next line in the code (see Figure 3-B).  

 

ICLS 2021 Proceedings 531 © ISLS



 

 Discussion and conclusion 
Research on students’ understanding of angle has shown their difficulties in coordinating different aspects of the 

angle concept (e.g., Keiser, 2004; Mitchelmore & White, 2000). The results of this study highlighted how this 

non-formal learning environment allowed for both everyday and formal mathematical language and mathematical 

thinking around angle. We recognize that such everyday language (e.g., zig-zag) and ways of representing 

mathematical thinking (e.g., gestures) may not be as acceptable to the field of mathematics as language-based 

communication, but we contend that it is evidence of an understanding of quantities and relationships that can be 

built up into more formal mathematical thinking. We also observed concrete representations afforded by the tools 

available (e.g., roll of tape, Dash), which are often not tools common to formal learning environments. As a 

thoughtful reviewer pointed out, further investigation into the role of perspectives – particularly as students can 

take on the perspective of Dash – and how it contributes to their embodied experience is crucial to this work. 

Further, this group of students seemed to have a shared understanding when using the different angle 

representations as we did not observe a sense of confusion or misunderstanding through repeated questions or 

clarifying gestures. Importantly, the addition of gestures as a component of the Moore et al. (2013) model highlight 

how crucial gesture is to representational fluency as it afforded us additional insights into students thinking of 

angle than could have been gleaned from any one representation. By adding gesture into their model, we have 

begun synthesizing their work on representation types with the conceptualization of representational fluency 

described in Nathan and colleagues’ work (Bieda & Nathan, 2009; Nathan et al., 2013, 2017), as well as 

contributing to the literature on mathematical learning in non-formal makerspaces. Additional research can build 

upon this empirical and methodological work as the activity and available tools within any non-formal makerspace 

environment will afford a range of opportunities for students to represent their mathematical thinking and sense-

making of other concepts (e.g., linear measurement) across representation types. 
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