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Abstract: As members of the STAAR (Supporting the Transition from Arithmetic to Algebraic 

Thinking) IERI research team, we designed and empirically tested measures of middle school 

mathematics teachers’ knowledge and skill in areas that have been identified by research, and 

established by standards, as key aspects of teaching that impact student learning.  We begin by 

reviewing literature related to our theoretical framework. Next we describe the assessment items 

completed by teachers participating in the research project, describe the development process of 

the research team’s scoring rubric, and report results from principal component analyses of 

responses.  We found preliminary evidence that the assessment does measure important facets of 

pedagogical content knowledge and teachers’ reflection-in-action when they are engaged in the 

authentic task of evaluating student performance on a mathematical task. 

 

 

Introduction 
 The goal of this research was to develop an assessment procedure that can: 1.  measure middle-school 

mathematics teachers’ authentic performances and 2. help determine their level of knowledge and skill in areas that 

have been identified by research, and established by standards, as key aspects of teaching that impact student 

learning. 

 

 The knowledge and skills we attempted to measure are reflected in the National Board for Professional 

Teaching Standards (NBPTS), which have been incorporated into the licensing requirements for many states. These 

include: a commitment by teachers to make knowledge accessible to all students; an understanding of how students 

develop and learn; a rich understanding of the subject matter taught; specialized knowledge of how to convey and 

reveal subject matter to students; the ability to assess the progress of individual students and a class as a whole; and 

the ability to critically examine their practice and adapt their teaching to new ideas and theories 

(http://www.nbpts.org/about/coreprops.cfm). 

 

 Our approach to this problem is strongly influenced by current thinking in the mathematics education 

community; that the knowledge required to successfully teach mathematics is different than the knowledge required 

to successfully do mathematics (NCTM, 2000; Hill, Schilling & Ball, 2004; Fuson, Kalchman, & Bransford, 2005).  

The core propositions of the Professional Teaching Standards capture the broad framework that researchers use to 

think about this different knowledge. What it is and, perhaps more importantly, how it can be measured, has become 

a question of great interest to the research community (Hill, Schilling & Ball, 2004; Fuson, Kalchman, & Bransford, 

2005). 

 

 In practice, the search for measures of teacher knowledge and skill has primarily consisted of development 

of item response assessments with a focus on items measuring content knowledge and pedagogy (Hill, Schilling & 

Ball, 2004).  The STAAR (Supporting the Transition from Arithmetic to Algebraic Thinking) research team was 

interested in developing an assessment procedure that could measure teachers’ knowledge of content and pedagogy 

observed in authentic situations such as analysis of instruction and student performance. 

 

 Here we will report development and preliminary validation of the Analysis of Student Work (ASW), an 

assessment based on an authentic task that requires teachers to write comparative analyses of videos of students’ 

problem solving performance.  The assessment’s validity centers on a rubric we developed for scoring the teachers’ 

written analyses. Our context and motivation for developing the ASW was the need to evaluate the effectiveness of 

an extended full-year graduate course we are offering at the University of Wisconsin-Madison.  
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 The first step in developing this assessment was to engage a team of researchers, including cognitive 

theorists and mathematics educators, to design a task and scoring procedure that would: 1. have strong content and 

theoretical validity from the perspective of those researchers; and 2. would allow us to measure changes in teachers’ 

abilities to demonstrate key knowledge and skills through authentic performance. Through an iterative and 

interactive procedure, this research team developed a rubric for scoring teachers’ responses to the video task that 

produced scores in four categories of teacher performance, including: 1. Analysis of students’ problem 

representations; 2. Drawing inferences about student understanding; 3. Drawing inferences about student trajectories 

and pedagogical moves; and 4. Reflection on the adequacy of one’s knowledge and analyses. It is the development 

and validation of this rubric as a measure of teachers’ spontaneously demonstrated knowledge-and-skill-in-action 

that is the focus of this paper. 

 

 One question we addressed was: Within current theoretical and conceptual frameworks accepted by the 

cognitively-oriented mathematics education community, what does the Analysis of Student Work (ASW) reliably 

measure? To help answer this question, we conducted reliability studies and explored the construct validity of the 

ASW using principal component analytic techniques. This involved examining the performance of the ASW with 

respect to selected items from another instrument designed by mathematics educators for the purpose of assessing 

knowledge and skills related to middle-school algebra teaching: Turning To the Evidence (TTE), which was 

developed by researchers at the Education Development Center (EDC) (L. Goldsmith, personal communication, 

June 28, 2004). Our content analyses of the TTE determined that it measured algebra content knowledge, 

pedagogical content knowledge, and teachers’ ability to reflect on their solution strategies. The conceptual 

relationships among the subscales of the ASW and items from this previously developed instrument were of interest 

to us. To obtain the data required for this exploration, we administered both instruments to teachers who took our 

course, both at the beginning and at the end of our year-long course. 

 

Theoretical Framework 
Core concepts of the ASW were drawn from theoretical work focusing on pedagogical content knowledge (PCK) 

and reflection-in-action.  The seminal work on PCK was done by Lee Shulman and his colleagues (Shulman, 1986, 

1987; Wilson et al., 1987).  The model is described as a complementary intersection of general pedagogical 

knowledge and general content knowledge. PCK was thought to include: familiarity with topics children find 

interesting or difficult; the representations most useful for teaching; and learners’ typical misconceptions.   

 

 In “The Reflective Practitioner” Donald Schön (1987) defines “reflecting-in-action” as a corollary of the 

concept of “knowing-in-action”. Schön explains that as professionals “practice” their practice, they develop a 

repertoire of expectations and become more stable and less susceptible to surprise.  If a practitioner develops the 

habit of becoming selectively inattentive to phenomena outside his knowing-in-action, he may develop narrowness 

of vision.  Reflection can serve as a corrective measure; however it is not just reflection on their knowing-in-action – 

which Schön defines as “thinking in the tranquility of postmortem about situations they have experienced and 

understandings they have brought to bear on a case” (p. 62).  It is also reflection that occurs in the midst of action – 

when the phenomenon at hand eludes the ordinary categories of the practitioner’s knowledge-in-action and allows 

them to “surface and criticize their initial understanding, construct a new description of it, and test the new 

description by an on-the-spot experiment” (pp.62-63). When someone reflects-in-action, they “become a researcher 

in the practice context” (p. 68). 

 

Method 
Participants 

Twenty teachers from three middle schools in a suburban school district attended a four-day summer 

workshop and met once a month throughout the school year in a graduate course.  The course, titled “Understanding 

and Cultivating Students’ Algebraic Thinking” engaged teachers in activities to increase their understanding of 

algebraic thinking, their ability to generate and assess multiple representations of problem solutions, and their 

representational and procedural fluency with algebraic concepts.  Ten teachers completed the entire year course and 

also two pre-post assessments that were used to measure change in teachers’ content knowledge, pedagogical 

content knowledge and reflection. 
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Weeks  1 2 3 4 5 6 7 

Amount 3 6 9 12 15 18 

4n + 10 = 70  4n = 60 n = 15 

     -  10  -10   4      4   

4n         = 60 

Assessments 
A modified version of the Turning to the Evidence (TTE) assessment was initially selected for use in our 

course because we were using elements from Fostering Algebraic Thinking Toolkit and Video Cases for 
Mathematics Professional Development, for which the assessment was designed. To shorten testing time, we 

selected ten stems with 25 overall responses appropriate for our population of teachers.  Seven stems measured 

teachers’ content knowledge and three stems measured pedagogical content knowledge.  A second part of the TTE 

Assessment asked teachers to describe how they chose answers for two of the problems. 

  

We became concerned in latter planning stages that the TTE Assessment would not provide rich enough data to 

allow us to accurately assess teachers’ change with respect to course objectives.  Therefore we developed a second 

assessment utilizing contrasting cases of student work. The resulting assessment, the Analysis of Student Work 

(ASW), consisted of teachers’ viewing and completing a written analysis of video of two sixth grade students 

solving nearly-isomorphic problems using different algebraic thinking strategies. In the first video Student 1 was 

presented with the following problem: Jaime is saving money.  She has saved $7 so far and plans to save $3 each 
week.  In how many weeks will Jaime have $25 altogether?  
 

 She wrote this solution:  

 

 

 

 

 Student 2 was presented with the following problem in the same manner: Maureen is going shopping.  She 
buys 4 shirts, each of which costs the same amount.  She also buys a pair of shorts for $10. Altogether she spends 
$70. What is the cost of each shirt?  
 

She produced the following solution: 

 

 

 

 

Students in the video were prompted to “talk out loud while you work”. After viewing both videos twice 

plus reading through the transcript between viewings, teachers wrote a response to the prompt, “Explain in as much 

detail as possible the similarities and differences you notice in the responses of the two students.”   

 

Teachers completed the assessment activities before the summer workshop and at the end of the school 

year.  The ASW was also completed after the summer workshop. 

 

Development of Scoring Rubrics 
 Four members of the STAAR research team; two cognitive theorists, one mathematics professional 

developer and one graduate student developed the rubric used to score the ASW.  From the beginning, discussions 

centered on creating an instrument that was flexible yet robust enough to measure changes in the content and 

pedagogical knowledge and skills of the teachers.  Through discussion, four categories, grounded in the theoretical 

work of Shulman et al. and of Schön, emerged as important for inclusion in the instrument. Scoring subscales were 

drafted, tested with random samples of the teacher data and consequently modified through several iterations.  The 

result was a rubric that contained the subscales described in Table 1 below. 

 

Table 1. Analysis of Student Work Pre- Post-Test Scoring Rubric 

 

Sub-Scale Label Characteristics Sought: Score Indicates: 
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Teacher’s analysis of 

problem representation 
• Notes characteristics of 

problem 

representation(s). 

• Makes explicit 

references to 

mathematics.  

• Accurately assesses 

student analyses. 

• Uses specific 

references to features of 

students’ problem 

solving in discussion 

• Teacher’s understanding of 

the mathematics of the 

tasks 

• Teacher’s ability to 

generalize (by seeing 

isomorphic and salient 

features of student 

problems). 

• May be indicator of 

teacher’s ability to 

interpret a novel solution. 

 

Teacher’s inferences 
about students’ 

ability/understanding 

• of math concepts 

• of algebraic 

thinking 

• Uses concepts 

(equality, variable, rate 

of change,…) in claims 

about student under-

standing of math. 

• Uses FCATs in claims 

about student ability to 

think algebraically. 

• Supports claims with 

evidence related to 

solution elements. 

• Teacher is able to 

recognize algebraic 

thinking in multiple 

representations/solutions. 

• Teacher recognizes 

computational/procedural 

elements of student 

representations/solutions. 

• Teacher is able to interpret 

how well student worked 

within the problem 

context. 

Teacher’s inferences 

about students’ 

mathematical 

development trajectory 
as a basis for 
pedagogical decision 
making 
 

• Places student in 

“corridor” of algebraic 

development. 

• Notes readiness for 

next algebraic concepts 

or tasks. 

• Supports claims with 

anecdotal evidence 

related to student(s’) 

comfort with problem.  

• Teacher sees the 

development of algebraic 

thinking as a process and 

can describe the steps. 

• Can recognize: 1. Fluency 

in a particular step and 

where fluency leads to as a 

next step; or 2. Lack of 

fluency and whether it 

should have developed. 

Teacher’s metacognitive 
reflection 

• Relates situation to own 

prior 

experience/instruction. 

• Expresses need for 

greater quality/quantity 

of inputs for the 

purpose of aiding 

inference. 

• Explicitly rethinks 

observation of 

student(s’) 

ability/understanding. 

• Teacher ability to reflect in 

practice; to see 

representation as different 

than expectation and 

possibly reconcile the 

difference.   

 
 In addition to the rubric described above, two additional scoring rubrics were developed, which were 

applied to the two reflection questions in part two of the TTE Assessment.  Those rubrics were intended to measure 

a teacher’s reflection “on” his or her solving of two content knowledge questions.   
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Scoring 
For the TTE, one member of the research team scored each question on the first portion of the content test as correct 

or incorrect.   

 

Subscales in the ASW and on the TTE Assessment reflection problems were scored on a 0 to 3 scale. The scoring 

scale was interpreted in terms of the level of support and instruction that would likely be required for helping the 

teacher perform with proficiency on a particular subscale. A score of 3 was given if a teacher appeared to require 

little or no prompting or instructional support to perform well; a 2 indicated that the teacher required prompting or 

support in some areas. A score of 1 or 0 indicated our belief that the teacher would need substantial support or 

additional training to perform. In making their judgments, scorers were permitted to use half scores (e.g., 2.5). 

 

Twenty teachers attended our summer workshop and ten of those attended the year-long course. Two phases of 

analysis are reported below. In the first, thirty-eight ASW pre- and post-tests from the summer workshop (one 

participant did not complete a post-test) were scored. Tests were double-blinded, randomly sorted and scored by two 

of the authors.  Reliability between scorers, calculated by correlation of scores, was 0.928. Scorers discussed sub-

scale scores with a discrepancy greater than 0.5 until the discrepancy was resolved (this occurred for 16 sub-scales 

of the 168 scored). The second analysis reported below is based on ASW and TTE scores for the 10 teachers who 

completed the entire year of work and were tested at the end of the year. TTE reflection problems for this analysis 

were scored in a similar manner to the ASW reflection subscale, with reliability between scorers of .999.  

 

Analysis 
 We used SPSS to perform two exploratory analyses of the ASW data.  Principal Component Analysis was 

used with Varimax rotation in each analysis. Although this technique is unusual with small sample sizes, we 

employed appropriate data reduction strategies for an exploratory analysis of constructs. 

 

Reduction of the Data 
 The data that was analyzed included the four subscales of the ASW assessment and the three components 

of the TTE assessment. Three questions with 95% success rates were removed from the TTE Assessment data, 

leaving seven content knowledge stems containing nine total questions, three pedagogical content knowledge stems 

containing thirteen total questions; and two reflection “on” action questions regarding teachers’ own solution 

strategies. 

  

In the first analysis we explored the four subscales of the ASW summer workshop assessments. In a pre-

test analysis all four subscales loaded on one component. In the post-test analysis, the first three subscales loaded on 

one component and the fourth subscale – reflection - loaded on is own component.  Based on these results, the first 

three subscales were reduced to one factor in future analyses. 

  

A reduced matrix of five scores was used in subsequent analyses: 

• ASW3 – the teacher’s score on the first three subscales of the ASW. 

• REFLECTION – the teacher’s score on the fourth subscale of the ASW. 

• CONTENT – the score on nine questions on the TTE Assessment that reflect content knowledge. 

• PCK – the score on thirteen questions on the TTE that reflect pedagogical content knowledge.  

• CONTENT REFLECTION – the teacher’s average score on the two reflection questions on the TTE 

Assessment. 

 

Relationships Between Assessments 
In the second analysis we were interested in the conceptual relationships between the two administered 

assessments.  We expected ASW3 and PCK to load on the same component, REFLECTION and CONTENT 

REFLECTION to load on their own distinct component and CONTENT to be distinct from the other factors. 

 

Principal components analysis was performed on the post-test data of the ten participants who completed all 

assessments.  A two-component solution accounted for 82.7% of the variability in scores. 
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Table 2.  Component Loadings for ASW & TTE Assessments  Post-test Data  

Component  

1 2 

ASW3 .124 .894 

REFLECTION .936 .078 

CONTENT .890 .346 

PCK .240 .876 

CONTENT REFLECTION .586 .602 

 

Results and Discussion 
Table 2 shows that ASW3 (.894) and PCK (.876) load on the same component, validating that the ASW3 

seems to measure pedagogical content knowledge, as expected. The CONTENT REFLECTION (.602) subscale 

from the TTE also loads on this component.  Conceptually this makes sense: The CONTENT REFLECTION task is 

similar to the ASW task in that teachers described task representation and solution method. Also, PCK should 

include ability to reflect on various representations and other aspects of mathematical work. 

 

CONTENT loads strongly (.890) on its own component, as expected.  However, we see that REFLECTION 

also loads decisively (.936) on the same component as CONTENT, rather than combining with CONENT 

REFLECTION to form a reflection component.  Schön’s idea that reflection-in-action is triggered by outcomes that 

are different than a practitioner’s repertoire of expected outcomes may provide insight into this pattern of loadings.  

In order for reflection-in-action to occur, the “reflector” needs to have a sufficiently large base of knowledge from 

which to establish stable expectations for performance - in this case a fairly good understanding of mathematics 

content.  The stronger the content knowledge, the more stable the expectations for a particular performance – and 

the more sensitive to student moves that are outside expected performance. 

 

Conclusion 
 This was a hypothesis generating study. While the second analysis showed that the subscales of the 

Analysis of Student Work assessment are a measure of teachers’ pedagogical content knowledge, and may provide 

insight about teacher reflection, interesting questions arose from the results. For example, could the first three 

subscales of the ASW be reduced to a single scale, without losing sensitivity to distinctive facets of pedagogical 

content knowledge?  Why do reflection scores load with other constructs rather than on their own separate factor? 

These and other potential interesting hypotheses warrant further study.  However, this study does appear to 

empirically validate Schulman’s (1986, 1987) widely accepted analysis that posits two forms of domain knowledge 

important to teaching: content knowledge and pedagogical content knowledge. The analyses indicated that the 

subscales of the ASW are a measure of teachers’ pedagogical content knowledge and may provide insight about 

teachers’ ability to spontaneously reflect during teaching.  This study compliments previous work (Hill, Shilling & 

Ball, 2004) that supports the building of separate scales to measure teacher knowledge that are sensitive to different 

key aspects of that knowledge. Uniquely, the ASW measures teachers’ knowledge and skill while they are 

performing an authentic teaching task, while other assessments rely almost exclusively on teachers’ responses to 

multiple-choice items. We believe the ASW contributes to the growing body of theoretical knowledge about 

teaching, especially teaching of middle-school mathematics. 
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